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This paper is devoted to the study of finite linear spaces with a flag-transitive 
automorphism group. We survey known facts and introduce new results whose aim 
is to prepare a classification of such spaces and groups. In Section 1, we discuss 
various transitivity properties in tinite linear spaces, and the relations between these 
properties. In Section 2, we give a list of examples of flag-transitive finite linear 
spaces, and the corresponding groups. In Section 3, we present some useful con- 
sequences of flag-transitivity. In Sections 4 and 5, we use the O’Nan-Scott theorem 
on primitive permutation groups to prove our main result: any group acting flag- 
transitively on a finite linear space is either of affne type or of simple type. In Sec- 
tion 6, we prove as a corollary that, with only one exception, any group acting 
transitively on the lines of a tinite affine space must contain the translation group. 
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1. INTRODUCTION 
A linear space S is an incidence structure of points and lines such that 
any two points x and y are incident with exactly one line (denoted by xy), 
any point being incident with at least two lines and any line with at least 
two points. As usual, we shall identify each line L with the set of points 
incident with L. A flag of S is an incident point-line pair (x, L). A linear 
subspace of S is a set S’ of points of S such that any line of S having at 
least two points in S’ is contained in S’. A linear subspace S’ of S is called 
pioper if S’# S and S’ contains at least two lines. From now on, we 
assume that all linear spaces are finite, i.e., have a finite number of points. 
Let G < Aut S be a group of automorphisms of a linear space S. We are 
interested in various transitivity properties of the group G: we shall say 
that G is 
PT (point-transitive) if G acts transitively on the points of S, 
PPr (point-primitive) if G acts primitively on the points of S, 
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LT (line-transitive) if G acts transitively on the lines of S, 
LPr (line-primitive) if G acts primitively on the lines of S, 
FT (flag-transitive) if G acts transitively on the flags of S, 
LoLPr (locally line-primitive) if G is PT and if, for every point x of S, 
the stabilizer G, acts primitively on the set of lines incident with x, 
LoPPr (locufly point-primitive) if G is LT and if, for every line L of S, 
the stabilizer G, acts primitively on the set of points incident with L, 
LoPr (locally primitive) if G is LoLPr and LoPPr, 
(2P)T (2-transitive) if G acts transitively on the ordered pairs of points 
of s, 
\ ‘2P)T (24omogeneous) if G acts transitively on the unordered pairs 
of points of S, 
(2L)T if G acts transitively on the ordered pairs of lines of S, 
(2iL)T if G acts transitively on the ordered pairs of intersecting lines 
of s, 
(2iL)T if G acts transitively on the unordered pairs of intersecting 
lines of S. 
The following implications hold between these properties (if we exclude the 
trivial case where all lines have size 2): 
XCJLT\ 
WIT F LoPr\ 
\ 
~ FT\ pprRPT 
LoPPr 
/ 
(2P)T={2P}T 
The fact that a permutation group acting transitively on the pairs of 
objects of a given type must necessarily act primitively on these objects 
makes most of the above implications obvious. Condition (2L)T forces S 
to be a projective plane and, by applying the Ostrom-Wagner theorem 
[85] to the dual plane, it follows that S is a Desarguesian projective plane 
PG(2, q) and that G contains PSL(3, q); this shows that (2L)T is stronger 
than any other of the above conditions. It was proved by Higman and 
McLaughlin [57] that FT 3 PPr, and by Block [6] that LT +. PT. An 
easy consequence of the latter implication is that G is flag-transitive 
whenever for every point x the stabilizer G, acts transitively on the lines 
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incident with x (note that the dual statement is false: if for every line L the 
stabilizer G, acts transitively on the points incident with L, the group G is 
not necessarily flag-transitive). 
We do not know whether LPr 3 PPr, although this implication is 
known to be true if the line size is ~30 (Delandtsheer [102]), if the rank 
of G on the set of lines is <7 (Delandtsheer [31], generalizing previous 
work of Di Martino, Magliveras and Siemons [39] on the rank 3 case), if 
G has a subgroup acting regularly on the set of points (Siemons [93]) or if 
S is a projective space (as we shall see in Section 2). Apart from this 
unsolved case, no other implication holds among the 13 properties listed 
above. Indeed, let S be a Desarguesian projective space PG(d, q) on u 
points and let G < Aut S be generated by a Singer cycle. If d= 2 and v is 
not a prime, G is LT but neither PPr nor LPr. If d = 2 and v is a prime, G 
is PPr and LPr but not FT. If da 3 and u is a prime, G is PPr but not LT. 
Note also that LPr is not implied by (2iL)T or LoPr or (2P)T (as shown 
by the automorphism group of a Desarguesian afline plane). The Frobenius 
group of order 21 acting on PG(2,2) shows that LoPr does not imply 
(2P)T and that {ZiL j T does not imply (2iL)T. On the other hand, the 
automorphism group of a Liineburg affine plane is (2iL)T but not LoPPr, 
the automorphism group of a Ree unital is (2P)T but not LoLPr, and the 
automorphism group of a Netto system on u > 7 points is (2P1 T but not 
(2P)T (more information about these spaces is provided in Section 2). 
Finally, let S be the linear space whose points are the elements of GF(41 3, 
and whose lines are the images of the subfield GF(41) under the affme 
group AGL(1, 413), so that SzAG(3, 41). Note that every point of S is on 
1723 lines. The subgroup 
G= {.u~a5.u+b~a,b~GF(413),a#0} 
of AGL( I,41 ‘) is easily checked to be flag-transitive on S. It follows that G 
is LoPr, because 41 and 1723 are prime numbers. However, G is neither 
(2P)T nor (2iL)T because its order is too small. 
Point-transitivity has received fairly little attention. The classification of 
all pairs (S, G) satisfying property PT, if it were reasonable at all, would 
probably involve some induction procedure: indeed, for any subgroup G* 
of G and any orbit sZ* of G* on the point-set 52 of S, the pair (S*, G*) 
(where S* denotes the linear space induced by S on Q*) does satisfy PT 
again. Note also that if we allow all lines of S to have size 2, then any 
transitive permutation group G acting on Sz is admissible. This illustrates 
the wildness of this class of groups, if no additional restriction is made on 
the linear spaces themselves. As an important result on property PT, let us 
mention that the classification of all finite 2-transitive permutation groups 
has required the classification of all subgroups of PTL(d+ 1, q) acting 
point-transitively on PG(d, q) (Hering [54, 551, see also Cameron [ 151). 
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Line-transitivity is a stronger property: for instance, it forces all lines of S 
to have the same size k, so that some arithmetical conditions arise. 
Moreover, if k divides the total number of points in S (this holds, for 
example, in afftne spaces, in unitals, and in a few other spaces described in 
Section 2), then LT implies FT; this result is due to Camina and Gagen 
[21] and, in the particular case where S is an afftne plane, goes back to 
Wagner [97]. Similarly, in any projective space PG(d, q) with d> 3, 
Kantor [61] proved that LT implies FT and even (2P)T, except if G is a 
Frobenius group of order 31.5 acting on PG(4,2). Still there are many 
linear spaces whose full automorphism group is LT but not FT (see 
Clapham [22] for the case k = 3). When k = 2, the classification of all pairs 
(S, G) satisfying LT is equivalent to the classification of all finite 
2-homogeneous permutation groups and this problem is completely solved 
(see for example the survey paper of Cameron [ 14, Section 51 for the 2- 
transitive groups, and Kantor [60] for the remaining 2-homogeneous 
groups). As we have already mentioned, LT does not imply PPr but, for 
any given line size k, there are only finitely many exceptions to that 
implication (Delandtsheer and Doyen [ 321). 
Flag-transitivity has inspired much work already, starting with Higman 
and McLaughlin [57] who showed among other things that FT implies 
PPr. The following result, first proved by Foulser [45] for afine planes, 
was extended by Camina and Gagen [20] to all linear spaces S in which k 
divides the total number u of points: if G is a solvable flag-transitive sub- 
group of Aut S, then u is a prime power and, with 16 exceptions, 
G<ATL( 1, a). Further results are due to Kantor [60], Camina 
[ 17, 18, 191, and Zieschang [99]. The classification of all flag-transitive 
pairs (S, G), where S is a projective or afhne plane, has drawn much atten- 
tion (see Higman and McLaughlin [57], Roth [90], Foulser [44,45], 
Wagner [97], Ott [86,87], Fink [42,43], Ebert [40], Baker and Ebert 
[4, 51); in the case where S is a projective plane, the problem has been 
almost completely solved by Kantor [65], using the list of finite simple 
groups. Let us also mention that the flag-transitive linear spaces with k = 3 
have been classified (see Liineburg [72], Hall [48], Clapham [22 J, Key 
and Shult [68], Hall [SO]). These results will be described explicitly in 
Section 2. 
Local primitivity was introduced in [12] and was shown to force G to 
have a minimal normal subgroup which is 
(i) elementary abelian, acting regularly on the points of S or 
(ii) simple nonabelian, acting flag-transitively on S. 
(The flag-transitive pairs (S, G), where G is one of the simple groups Sz(q), 
PSL(2, q), PSL(3, q) or PSU(3, q), have been determined in [30].) We will 
prove that a similar result holds under the weaker assumption that G is 
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flag-transitive, except that the minimal normal subgroup might not be flag- 
transitive in case (ii). 
Transitivity on pairs of intersecting lines has given rise to a few papers, 
but the classification of all pairs (S, G) satisfying this condition has never 
been done without adding an extra hypothesis. For example, Delandtsheer 
[29] proved that if G satisfies (2iL) T and if S contains a proper linear 
subspace, then S is PG(d, q) or AG(d, q) with d> 3, unless all lines have 
size 2; on the other hand, if G satisfies (2iL)T and acts transitively on the 
ordered pairs of disjoint lines, then S is AG(2, q) or PG(d, q) with da 2, 
unless all lines have size 2 (Delandtsheer [28]). Buekenhout [9] proved 
that if G satisfies (2iL)T and if, for any two points x and y, the stabilizer 
G,, fixes the line xy pointwise, then S is PG(d, 2) or AG(d, q) with d> 2, 
unless all lines have size 2. In the particular case where S is an afline plane, 
Schulz [91] and Czerwinski [25] proved that if G satisfies (2iL)T, then S 
is AG(2, q) or a Liineburg affme plane, unless S is of odd order and G 
contains a Baer involution. 
Transitivity on pairs of points is now under complete control. Indeed, 
Kantor [63] has classified all pairs (S, G), where G is 2-transitive on the 
points of S, and this result has been extended to 2-homogeneous groups by 
Delandtsheer, Doyen, Siemons, and Tamburini [33]. 
The purpose of the present paper is to plan a general attack on the 
classification of all flag-transitive pairs (S, G). Our strategy is based on the 
O’Nan-Scott theorem on finite primitive permutation groups, which is 
briefly recalled in Section 4. The main theorem, proved in Section 5, asserts 
that the group G has a minimal normal subgroup N which is 
(i) elementary abelian, acting regularly on the points of S or 
(ii) simple nonabelian, with Ng G d Aut N. 
Both cases are currently investigated jointly with Peter Kleidman, Martin 
Liebeck, and Jan Saxl. 
2. EXAMPLES 
This section contains a list of examples of flag-transitive pairs (S, G). 
Thus S is always a 2 - (v, k, 1) design (i.e., a linear space with v points 
and constant line size k < v). Whenever possible, we mention the main 
transitivity properties satisfied by G. 
2.1. Linear Spaces with k = 3 
Note that, when k = 3, flag-transitivity is equivalent to 2-homogeneity on 
points. 
All flag-transitive pairs (S, G), where S is a 2 - (v, 3, 1) design, are 
known. Besides the projective spaces PG(d, 2) and the affine spaces 
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AG(4 3), the only other flag-transitive linear spaces with k = 3 are the 
so-called Netto systems (Dembowski [35, p. 981). 
The sharply flag-transitive examples were first determined by Liineburg 
[72] : they are the aRine spaces AG(d, 3) with d odd and the Netto systems. 
More generally, Clapham [22] showed that, if G is flag-transitive but not 
2-transitive on points, then S is AG(d, 3) with d odd or a Netto system. 
When G is 2-transitive, the pairs (S, G) were classified by Key and Shult 
[68] (and independently by M. Hall [SO]); the particular case where G 
has an elementary abelian normal subgroup had already been solved by 
J. I. Hall [48]. 
Since the flag-transitive automorphism groups of projective and afline 
spaces will be discussed in 2.2 and 2.3, we will focus here on the Netto 
systems. 
For each prime power q = 7 (mod 12), there is (up to isomorphism) 
exactly one Netto system N(q) on q points, which can be defined as 
follows. Let E be a primitive sixth root of unity in GF(q) and let Af ‘L( 1, q) 
denote the group of all permutations of GF(q) of the form x -+ a2xd + h, 
where a, 6~ GF(q), c1 #O, and 0 E Aut GF(q). The points of N(q) are the 
elements of GF(q) and the lines are the images of {0, 1, E} under 
AT*L(l, q). Clearly, N(7) is isomorphic to PG(2,2), whose full 
automorphism group is 2-transitive on points. From now on, we assume 
q> 7, so that Aut N(q)EAT’L(l, q) as was proved by Robinson [89]. It 
follows that Aut N(q) is 2-homogeneous but not 2-transitive on points. 
Moreover, Aut N(q) is not locally line-primitive. Indeed, the stabilizer of 
the point 0 in Aut N(q) acts on the lines through 0 in the same way as 
r*L( 1, q) acts on the non-zero squares of GF(q). This action is imprimitive 
because (q - 1)/2 = 3 (mod 6) is divisible by 3, and so the group of non- 
zero squares in GF(q) has a proper subgroup, which means that the 
stabilizer of 1 in T2L( 1, q) is not a maximal subgroup. 
Therefore each Netto system N(q) with q > 7 provides an example of a 
linear space whose full automorphism group is (2P)T but neither (2P)T 
nor LoLPr. Even more remarkable: the Netto systems N(q) with q > 7 are 
the only 2 - (u, k, 1) designs whose full automorphism group is { 2P)T but 
not (2P)T (see [33] for a proof). 
The line-transitive pairs (S, G) with k = 3 were investigated by Clapham 
[22] who proved that if G is LT but not FT, then the points of S may be 
identified with the elements of GF(q) for some prime power q E 7 (mod 12) 
and G is a subgroup of AT’L( 1, q), the action of G on the q points of S 
being primitive, 3/2-transitive and of rank 7. 
2.2. Projective Spaces 
We distinguish two cases according as the dimension of the projective 
space is 23 or not. 
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2.2.1. If S is a projective space PG(d, q) with da 3, Kantor [61] proved 
that the conditions LT, FT, and (2P)T are equivalent, with only one 
exception when S = PG(4,2) and G is a Frobenius group of order 31.5 
acting sharply transitively on lines but not flag-transitively (for this excep- 
tion, see Liineburg [73]). Moreover, Cameron and Kantor [16] proved 
that G is (2P)T if and only if G contains PSL(d+ 1, q), with only one 
exception when S = PG( 3, 2) and G is the alternating group A,. 
Finally, we recall that, using the classification of finite simple groups, 
Hering [54,55] has determined all groups G d PTL(d + 1, q) acting point- 
transitively on PG(d, q) (when G is solvable, the classical work of Huppert 
[SS] provides the answer). 
2.2.2. Zf S is a projective plane, the celebrated theorem of Ostrom and 
Wagner [SS] shows that the pairs (S, G) satisfying (2P)T consist of a 
Desarguesian plane S = PG(2, q) and a group G containing PSL(3, q). 
Under the weaker condition { 2P}T, there is only one more pair (S, G), 
in which S= PG(2,2) and G is a Frobenius group of order 7.3 (see 
Dembowski [35, p. 2141). 
As for the flag-transitive pairs, a deep result of Kantor [65], using the 
classification of finite simple groups, asserts that if a projective plane S of 
order n has a flag-transitive automorphism group G, then 
(i) S is Desarguesian and G > PSL(3, n) or 
(ii) n2 + n + 1 is a prime and G is a sharply flag-transitive Frobenius 
group of order (n’ + n + 1 )(n + 1). 
In case (ii), only two examples are known at present, namely PG(2, 2) with 
a Frobenius group of order 7.3 and PG(2, 8) with a Frobenius group of 
order 73.9. Any other example would necessarily be non-Desarguesian 
because, as was proved by Higman and McLaughlin [57] and also by 
Dembowski [34], the only Desarguesian planes admitting a sharply flag- 
transitive automorphism group are PG(2,2) and PG(2,8). 
Actually, Kantor proved a stronger result in [65]: if a projective plane S 
of order n has a point-primitive automorphism group G, then 
(i) S is Desarguesian and G 2 PSL( 3, n) or 
(ii) n2 + n + 1 is a prime and G is a regular or Frobenius group of 
order dividing (n’+n+ l)(n+ 1) or (n2+n+ 1)n. 
It follows immediately from this result that PPr is equivalent to LPr in any 
projective plane. 
A longstanding conjecture asserts that a projective plane S of order IZ 
having a point-transitive automorphism group G is necessarily 
Desarguesian. Several results support this conjecture. Wagner [96] showed 
that it is true if G contains a nontrivial perspectivity (this holds for instance 
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when (G( is even and n is not a square), in which case G z PSL(3, n) (see 
Dembowski [35, Section 4.43 for more information). 
In all the linear spaces S described below, k divides v, so that the follow- 
ing two results, due to Camina and Gagen [20, 211, hold: 
Line-transitivity is equivalent to flag-transitivity. 
If G is a solvable flag-transitive subgroup of Aut S, then v is a 
prime power and, with 16 exceptions, G d AZX(1, v). The 16 
exceptional groups G occur when v = 3’, 5’, 7’, 1 12, 232, or 34; 
they are listed in Foulser [45]. 
2.3. Affine Spaces 
2.3.1. Zf S is an affine space AG(d, q) with d3 3, we will prove in Sec- 
tion 6, as a corollary of our main theorem, that any group G acting trans- 
itively on the lines of S must contain the translation group T, unless 
S = AG(3,2) and GE PSL(3,2) (Key [67] has obtained a similar result 
under the stronger assumption that G is 2-transitive on the points of S; 
both proofs involve the classification of finite simple groups). It follows 
that any line-transitive automorphism group G of AG(d, q) may be written 
G = T. G,, where G, d I’L(d, q) is the stabilizer of a point o. 
If G is 2-homogeneous on AG(d, q) with d> 3 and q >, 3, then G, appears 
in the following list, where 6 is a divisor of d (Kantor [60, 631): 
(1) Gof Wl, qd) 
(2) G, r> SL(d/G, q8) 
(3) Got> Sp(d/G, q’), da446 
(4) Go !z G,(qS)‘, q even, d= 66 
(5) (d, q) = (4, 3) and G,,P SL(2, 5) 
(6) (4 q) = (4, 3) and G,, has a normal extraspecial subgroup E of 
order 25, and GO/E is isomorphic to a subgroup of S5 
(7) (d, q)= (6,3) and G,=SL(2, 13) 
Once more, this involves the classification of finite simple groups. 
The groups G acting flag-transitively on AG(d, q) with da 3 have not yet 
been completely determined. Luneburg [75] proved that, for any dimen- 
sion d> 2, AG(d, q) has a sharply flag-transitive automorphism group if 
and only if d and q - 1 are relatively prime. This fact contrasts with the 
corresponding result for Desarguesian projective spaces: the only sharply 
flag-transitive automorphism groups of PG(d, q) with db 2 occur when 
(d, q) = (2,2) or (2, 8). 
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2.3.2. Zf S is an affine plane of order n, Wagner [97] proved that in any 
line-transitive pair (S, G), S is a translation plane (so that n is a prime 
power) and G contains the translation group of S. The same conclusion 
holds if G acts as a rank 3 group on the set of points of S (Kallaher [59], 
Liebler [70]). Kantor [64] has conjectured that the same conclusion also 
holds if G is point-primitive; this conjecture is known to be true for every 
order n, except perhaps if n is the square of an integer m = 1 (mod 4) (see 
Keiser [66] and Limeburg [77, Lemma 15.83). 
Up to isomorphism, there are only two non-Desarguesian afline planes 
whose automorphism group is 2-homogeneous, namely the nearfield plane 
of order 9 and Hering’s plane [52] of order 27. In both cases, the full 
automorphism group turns out to be (2P)T but not LoLPr. The stabilizer 
of a point in the near-field plane of order 9 is isomorphic to S=, . 24. 2, 
preserves a pairing of the 10 points at infinity and acts on this set of 5 pairs 
as the symmetric group S, (Andre [2], see also Foulser [45] and 
Liineburg [77]). The stabilizer of a point in Hering’s plane of order 27 is 
isomorphic to SL(2, 13) and preserves a pairing of the 28 points at infinity. 
The groups G acting flag-transitively on a Desarguesian afline plane 
S = AG(2, q) have been completely classified by Foulser [44] : apart from 
finitely many exceptions, G either contains ASL(2, q) or is conjugate in 
Aut S to a subgroup of ATL( 1, q2). Moreover, if G is isomorphic to 
another group G* acting also flag-transitively on S, then G is conjugate to 
G* in Aut S, with only one exception in the plane AG(2, 8). 
Since any translation plane of prime order is Desarguesian, it remains to 
consider the flag-transitive pairs (S, G), where S is a non-Desarguesian 
translation plane of order p’ (p prime, e 2 2) and G is flag-transitive on S. 
All flag-transitive projective planes known to date are Desarguesian, but 
the situation is quite different for afline planes, as we shall see now. 
Hall [49] proved that, up to isomorphism, there is only one non- 
Desarguesian translation plane of order 9, namely the nearlield plane; all 
groups acting. flag-transitively on this plane have been determined by 
Foulser [45, Proposition 5.31. There are exactly 7 non-Desarguesian trans- 
lation planes of order 16, as was shown by Dempwolff and Reifart [37] 
with a computer; none of them has a flag-transitive automorphism group. 
Oakden [82] used a computer search to show that there are precisely 23 
non-Desarguesian translation planes of order 25; only 2 of them are flag- 
transitive (Foulser [45]). Narayana Rao [78] constructed, for each odd 
prime power q, a non-Desarguesian flag-transitive plane of order q2. 
Given a prime power q, there is a well-known correspondence, due to 
Andre [ 11, between translation planes of order q’+ 1 and r-spreads in 
PG(2t + 1, q) (i.e., sets of q’+’ + 1 pairwise disjoint t-dimensional subspaces 
partitioning the points of PG(2t + 1, q)). Baker and Ebert [S] have 
described a method for constructing all flag-transitive planes of order q2 
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arising from a l-spread in PG(3, q), where q is any odd prime power. The 
infinite family of Narayana Rao [78] appears as a particular case of this 
construction. Moreover, Ebert [40] has proved that, up to isomorphism, 
there are at most q flag-transitive planes of order q2 arising from l-spreads 
in PG(3, q) with q odd and has conjectured that the number of such planes 
is exactly (q + 1)/2, including the Desarguesian plane AG(2, q) (see also 
Baker and Ebert [4]). 
Liineburg [74, 771 has investigated an infinite family of non- 
Desarguesian flag-transitive afftne planes of order q*, where q = 22”‘f ’ b 8. 
Their full automorphism group is (2iL)T but not LoPPr, and the stabilizer 
of a point contains a subgroup isomorphic to the Suzuki group Sz(q). 
These planes arise from l-spreads in PG(3, q) constructed by Tits [95] and 
related to the Suzuki ovoids. No other non-Desarguesian affme plane with 
property (2iL)T is known at present. Schulz [91] and Czerwinski [25] 
proved that if an afline plane S has an automorphism group G with 
property (2iL)T, then S is Desarguesian or a Ltineburg plane, unless S is 
of odd order and G contains a Baer involution. On the other hand, Liebler 
[71] proved that if a translation plane S of order q* with q = 2*“” ’ 3 8 has 
an automorphism group isomorphic to Sz(q), then S is a Li.ineburg plane. 
As for non-Desarguesian flag-transitive affine planes of non-square 
order, besides the Hering plane [52] of order 27, two other planes of order 
27 and one of order 125 discovered by Narayana Rao, Kuppuswamy Rao, 
and Satyanarayana [79, 80, 8 11, an infinite family of examples has been 
constructed by Kantor [105, 1061. 
Foulser [45] has classified all groups G acting sharply flag-transitively 
on an aftine plane S of order q: he proved that q is necessarily a power of 2 
and that the Desarguesian plane AG(2, q) has a sharply flag-transitive 
automorphism group isomorphic to G as a permutation group on the set of 
points. An infinite family of sharply flag-transitive pairs (S, G) where S is 
non-Desarguesian can be found in Kantor [105]. 
Foulser [45] has also proved that if G is a solvable flag-transitive 
automorphism group of an afine plane S of order q, then G < AfL( 1, q’) 
or G is one of 16 exceptional groups (moreover, if q # 9, the Desarguesian 
plane AG(2, q) has a flag-transitive automorphism group isomorphic to G 
as a permutation group on the set of points). With the additional 
hypothesis that G acts as a rank 3 group on the set of points of S, Foulser 
and Kallaher [46] proved that S is AG(2, q) or the near-field plane of order 
9, and that G<AlX(l, q*). 
The case where G is not solvable has been considered by Hering 
[53, 54, 55, 1041: he proved that, if G is a flag-transitive automorphism 
group of an aftine plane S and if G has a composition factor C isomorphic 
to a nonabelian simple Chevalley group or to an alternating group A, with 
m 2 5, then S is either a Desarguesian plane or a Liineburg plane or the 
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nearfield plane of order 9 (and C g PSL(2,5) r A,) or a plane of order 27 
(and CE PSL(2, 13)). 
2.4. Hering Spaces 
Hering [ 561 has constructed two nonisomorphic flag-transitive linear 
spaces on 36 points with line size 3*, whose full automorphism group is 
(2P)T and LoPr but not (2iL)T. This group, isomorphic in both cases to 
36. SL(2, 13), is also the automorphism group of Hering’s affne plane of 
order 27. 
2.5. Unitals 
A unital of order n is a linear space on u = n3 + 1 points with line size 
k = n + 1. Since k 1 v, flag-transitivity is equivalent to line-transitivity. 
The only line-transitive unitals known at present are: 
(i ) for any prime power q, the Hermitian unital U,(q) of order q 
whose points and lines are respectively the absolute points and nonabsolute 
lines of a unitary polarity in PG(2, q2), the incidence being the natural one. 
(ii) for any q = 3”+ ’ (e 3 0), the Ree unital U,(q) of order q whose 
points and lines are respectively the Sylow 3-subgroups and the involutions 
of the Ree group *G?(q), a point and a line being incident if and only if the 
involution normalizes the Sylow 3-subgroup (Liineburg [76]). 
Up to isomorphism, there is a unique unital of order 2, namely U,(2), 
which is isomorphic to the affrne plane AG(2, 3). Brouwer [S] has con- 
structed more than 130 pairwise nonisomorphic unitals of order 3, but has 
shown that the only line-transitive (and even point-transitive) unitals of 
order 3 are U,(3) and U,(3). 
The full automorphism group of U,,(q) is isomorphic to PTU(3, q) 
(O’Nan [83] and Taylor [94]) and is (2P)T, LoPr, and (2iL)T. The flag- 
transitive automorphism groups of U,(q) (q22) are those containing 
PSU(3, q). Moreover, the group PGU(3, q) is sharply transitive on the 
triples (x, L, x’) consisting of a flag (x, L) and a point x’ not incident with 
L. Note also that the unital U,(4) has a remarkable property: its 
automorphism group is transitive on the triples (x, x’, x”) of non-collinear 
points. Any other linear space having this property (and a line size k B 3) is 
a Desarguesian projective or affrne space of dimension d3 2 (Delandtsheer 
[271). 
The full automorphism group of U,(q) is isomorphic to Aut *G*(q) and 
is (2P)T but not LoLPr. The flag-transitive automorphism groups of 
U,(q) are those containing *G,(q)‘. 
2.6. Witt-Bose-Shrikhande Spaces 
Starting from the group PSL(2,2”) with n 3 3, we define an incidence 
structure as follows: the points are the subgroups of PSL(2.2”) isomorphic 
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to the dihedral group of order 2(2” + l), the lines are the involutions of 
P&5(2,2”), a point being incident with a line if and only if the subgroup 
contains the involution. This incidence structure is a linear space with 
L’ = 2”- ‘(2” - 1) points and line size k = 2”- ‘, which we shall denote by 
W(2”) for historical reasons explained below. 
If the group P&5(2,2”) is identified with the stabilizer in PGL(3,2”) of a 
complete conic C (i.e., an irreducible conic together with its nucleus) in the 
projective plane P = PG(2,2”), we get the following geometric description 
of the linear space W(2”): the points of W(2”) are the lines of P disjoint 
from C, the lines of W(2”) are the points of P outside C, the incidence 
being the natural one. In this description, the lines of P intersecting C in 
two points correspond to the dihedral subgroups of order 2(2” - 1) in 
PSL( 2, 2”). 
The full automorphism group of W(2”) is isomorphic to the stabilizer of 
C in Aut P, that is to PI’L(2, 2”). The group PTL(2, 2”) is flag-transitive 
on W(2”), is LoLPr if and only if 2” + 1 is a Fermat prime, is not (2P)T 
(except if n = 3) and is never (2iL)T. The flag-transitive automorphism 
groups of W(2”) are those containing PSL(2,2”). 
The above geometric description of W(2”) was given by Bose and 
Shrikhande [7] and rediscovered later by several authors (d’orgeval [84], 
Puharev [SS], Seiden [92]). Another geometric description of W(2”), 
using the Miquelian inversive plane of order 2”, goes back to the classical 
paper of Witt [98] and was investigated by Crowe [23,24]. The 
isomorphism between these two descriptions was established by Dickey 
[38]. The group-theoretic construction of W(2”) using PSL(2,2”) is due to 
Kantor [62] and Camina [18]; apparently, Kantor was the first to notice 
the flag-transitivity of Aut W(2”). 
Delandtsheer [30] proved that if the group PSL(2, q) acts flag- 
transitively on a linear space S with line size 33, then 
(i) q = 2” >, 8 and SZ W(2”) or 
(ii) q = 7 and S z PG(2,2). 
Note also that W(23) is isomorphic to the smallest Ree unital U,(3) (for an 
explicit proof, see Griining [ 1031). 
3. CONSEQUENCES OF FLAG-TRANSITIVITY 
S always denotes a 2 - (u, k, 1) design, i.e., a finite linear space with v 
points and constant line size k (2 < k -=z u). Clearly, the number r = (u - l)/ 
(k - 1) of lines through a point satisfies r 2 k. If b denotes the total number 
of lines of S, then ur = bk is the number of flags of S and we have b 3 u. 
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Note also that, using r > k twice, we get 
k2-kk 1 Qr(k-l)+l =v<r’. 
Since we will often use these properties, we list them now. 
LEMMA 1. (i) r=(u-l)/(k-l)>k. 
(ii) b = v(u - l)/k(k - 1) > u. 
(iii) ubk2-k+ 1. 
(iv) r>JJ. 
Classical combinatorial methods can hardly tell us more about S in this 
general context. From now on, let S be as above and let G be a group of 
automorphisms of S acting flag-transitively on S. 
LEMMA 2 (Higman and McLaughlin [57]). G acts primitively on the 
points of S; i.e., the stabilizer G, of any point x of S is a maximal subgroup 
of G of index v. 
Proof: Suppose that G preserves a nontrivial partition of the u points of 
S into n classes Cr, . . . . C,. Since G is flag-transitive, all classes have the 
same size c and they intersect any line of S in either 0 or d points, where 
da 2 is a constant. Hence 
v = en 
and, considering the r lines through a point of C,, we get 
c- 1 =r(d- 1). 
Together with u = r(k - 1) + 1, these relations yield 
r(k- l)+ 1 =n(r(d- l)+ l), 
that is 
r((k- 1)-n(d- l))=n- 1 >O, 
since n 2 2. It follows that r < n - 1 and n(d- 1) <k - 1 with da 2. 
Therefore r < n < k - 1, contradicting Lemma 1 (i). 
LEMMA 3. (i) JG,( > m (cube root bound); 
(ii) rl (IG,l, u- 1). 
Proof: Property (ii) follows from Lemma l(i) and from the fact that G, 
acts transitively on the r lines through x. Since & <r (Lemma l(iv)) 
forces u < (IG,l, u- 1)2 and since (GI =ulG,I, we get property (i). 
Remarks. (1) Property (i) was observed independently by A. R. 
Camina (private communication) and is the basis of the Ph.D. thesis of his 
student H. Davies [ 1011. 
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(2) We can also derive (i) from the “ABA property” proved in [57]: 
if A (resp. B) is the stabilizer in G of a point (resp. of a line) for an incident 
point-line pair, then G = ABA. Since b >, u by Lemma l(ii), we get 
IBI =Icl<!E!= IAl 
b‘v 
and so IGl d lA13= IG,13. 
(3) The conditions obtained in Lemmas 1 and 3 may look rather 
harmless but they are actually quite strong (see, for example, [30]). 
(4) In a 2- (u, k, A) design with A> 1, a flag-transitive auto- 
morphism group is not necessarily primitive on points, as shown by 
Davies [26]. 
Given a prime p and a finite group G, we denote by cont(p, G) the 
contribution of p to the order of G, that is the largest integer n E N such 
that p”( IGl. 
LEMMA 4. Zf p is a prime satisfying one of the following conditions: 
6) ~10 
6) plr 
(iii) pjr and plk- 1, 
then cont(p, G,) = cont(p, G) for any point x of S. Moreover, if condition 
(iii) is satisfied, then cont(p, GrL) = cont(p, G,) for any flag (x, I,) of S. 
ProojI Ifplrorplk-1, thenplu-l=r(k-l).Hencepjo, whichis 
clearly equivalent to cont(p, G,) = cont(p, G) since v = IGl/lG,l. Similarly 
p 1 r is equivalent to cont(p, GxL) = cont(p, G,), since r = IG,l/lG,,l. 
Note that a fair amount of this argument requires only the point- 
transitivity of G. 
LEMMA 5. Zf the sfabilizer G, of a point x has a normal subgroup N, # 1 
of prime power order p”, then 
6) plu-1, 
(ii) cont(p,‘G,) = cont(p, G), and 
(iii) any Sylow p-subgroup of Gfixes exactly one point. 
Proof. Statement (ii), an immediate consequence of (i) and Lemma 4, 
means that any Sylow p-subgroup of G is also a Sylow p-subgroup of some 
point stabilizer G,. Therefore it s&ices to prove that p I u - 1 and that N, 
fixes no other point than x. 
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Since N, d G., and G, is transitive on the set qY of lines through x, the 
orbits of N, on ~3’~ have the same length 1 dividing p” = IN,1 and r = lgY1 
If I# 1, then ~lr=(o- l)/(k- 1) and we are done. If I= 1, N, leaves 
invariant every line of 5CY and fixes a constant number CI 3 0 of points 
different from x on each of these lines. 
If CI = 0, then the length of any point-orbit (distinct from {x}) of N, is a 
divisor # 1 of p” = I N,I. Hence p I u - 1 and we have everything we need. 
It remains to rule out the case CL 3 I. For each point y of S, let 
N.U = g- ‘N, g, where g is any element of G mapping x onto y, and define 
the block B,. to be the set of points different from y fixed by N,.. Let 
Q (resp. 9) be the point-set (resp. the block-set) of S and consider the 
mapping cr: s2 + 3’: x + B,,. The rest of the proof is divided into four steps. 
Step 1. B, is a projective hyperplane of S. This means that B, is a 
proper linear subspace of S such that every line of S meets B, in at least 
one point (in other words, B, is a proper subset of Q such that any line of 
S intersects B, in 1 or k points). 
If L = y; is the line joining any two distinct points y and z of B,, then 
either x E L and IL A B,I = a, or x $ L and L E B, (indeed, any point u E L 
is the intersection of the lines xu and yz which are invariant under N,). 
Since N, # 1, there exists a point x’ # x such that x’ 4 B,. Any line joining 
x’ to one of the TGL points of B, intersects B, either in c( points or in just one 
point according as this line does or does not contain x. Therefore if 6 
denotes the number of lines through x’ which are disjoint from B,, we have 
r=l +(m-a)+6 
that is 
S+(r-l)(c1-1)=0 
from which we deduce that 6 = 0 and u = 1. 
Step 2. CT: l2 --t 9l: x -+ B, is injective. We have to prove that the par- 
tition (cr ~ ‘(B) I B E g} of Q is the trivial one all of whose classes are single 
points. This partition is obviously invariant under G, and so is trivial 
because of the primitivity of G on Q. Since x $ (T(X), there are at least two 
classes in the partition, and so all classes are single points. 
Step 3. S is a projective space P. The blocks are linear subspaces of S 
and the set 93 of blocks is invariant under the line-transitive group G, so 
that every pair of points is contained in a constant number A of blocks and 
(Q, 3) is a symmetric 2 - (u, r, jl) design. As usual, we define a “line” of 
this design (Q, @) as the intersection of all blocks containing two distinct 
points. Since the “lines” are linear subspaces of S and since every line of S 
meets every block, every “line” meets also every block. Therefore, by the 
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Dembowski-Wagner theorem [36] (see also [35, p. 67]), (Q, a) is 
isomorphic to the design of points and hyperplanes of a (not necessarily 
Desarguesian) projective space P on u points, with hyperplanes of size Y. 
Hence the “lines” are the lines of P, they have size k and they are also the 
lines of S. 
Step 4. (T is a polarity of P. G is flag-transitive on the projective 
space P. If dim P 2 3, we know by a theorem of Kantor [61] that G is 
Z-transitive. If dim P = 2, Kantor [65 J proved that either G is 2-transitive 
or G is sharply flag-transitive (but this cannot occur here since N, # 1 
stabilizes every line through x). Thus, in any case, G is 2-transitive on the 
points of S and so, if J’ is a fixed point of N,, then x is a fixed point of A$. 
Therefore Q is a polarity of a finite projective space with no absolute 
point, a final contradiction (see Baer [ 31 and Dembowski [35, pp. 65 
and 1521). 
LEMMA 6. If A is a union of orbits of G, on the set of points of S (with 
x$ A), then every line through x intersects A in a constant number of points 
k’ and rk’= IAl. 
Proo$ Straightforward. 
4. THE O’NAN-SCOTT THEOREM 
The strategy that we propose in order to classify the flag-transitive pairs 
(S, G) is based on a theorem due to O’Nan and Scott (see [ 10, 14, 15, 691) 
which reduces the finite primitive permutation groups to five major types. 
This result will be briefly recalled here in a geometrical setting which is 
appropriate to our needs (a more complete presentation along these lines is 
given in [lo]). 
In this section, G is always a finite primitive permutation group acting 
on a set L? of points. 
Suppose first that Q bears the structure of an alfine space AG(n, p) 
where p is a prime. G is of uffine type if G leaves this structure invariant 
and if G = TG,, where T is the group of translations of AG(n, p) and G, is 
a subgroup of GL(n, p). 
Suppose now that Sz = A, x ... x A,, is a Cartesian product of n > 2 
copies of some set A of size a > 2. Given a subscript j E { 1, . . . . n} and, for 
every i # j, an element a, E A,, the set of all points (x,, . . . . x,) E Q such that 
-xi = ai for every i # j is called a Cartesian line of the jth parallel class. The 
set Q provided with all the Cartesian lines is called a Cartesian space A”. The 
group G is of Cartesian type if G leaves invariant the structure of some 
Cartesian space A” on Q. Note that, since G is primitive on Q, the stabilizer 
G, of any point x E Q acts transitively on the n Cartesian lines through x. 
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G is of simple type if G has a nonabelian simple normal subgroup N such 
that C,(N) = 1 or equivalently N I! G < Aut N. 
Finally, suppose that G normalizes a direct product N = C, x . . . x C, of 
n > 2 copies of a nonabelian simple group C. If n = 2 and if both subgroups 
z,, z, act regularly on 52, then G is of biregular type. If n 2 3 and if the 
stabilizer N, of a point x E Q is a diagonal subgroup of N isomorphic to E;, 
then G is of diagonal type. In both cases, 10) = Iz:I”-’ = IN~YI”-‘. 
We can now state the O’Nan-Scott theorem. 
LEMMA 7 (O’Nan-Scott). Any finite primitive permutation group 
belongs to one of the following types: affine, Cartesian, simple, biregular, or 
diagonal. 
5. MAIN THEOREM 
THEOREM. Zf S is a finite linear space with point-set D and if G is aflag- 
transitive automorphism group of S, then one of the following holds: 
(i) G is of simple type on 52, 
(ii) G is of affine non-Cartesian type on 52, or 
(iii) S = AG(2,8) and, up to conjugacy in Aut S, G is one of 5 groups 
which are of affine and Cartesian type simultaneously. 
Remark. This result was announced in June 1986 in a lecture [ 1 l] 
given at the International Conference on Finite Geometry and Com- 
binatorics in Deinze. Afterwards, P. H. Zieschang [ 1001 got essentially the 
same result independently. 
Note also that a similar result was proved in 1984 by A. R. Camina and 
T. M. Gagen [21] under the additional assumption that kid. 
Proof. Let S be a finite linear space with point-set Q and let G be a 
flag-transitive automorphism group of S. If the lines of S are of size k = 2, 
then G acts 2-transitively oh IR and a well-known result of Burnside [13, 
Section 154, p. 201) implies that G is either of simple type or of afline non- 
Cartesian type. Hence we may assume that k 2 3. By Lemma 2, G acts 
primitively on a, so that Lemma 7 applies. We will now rule out the 
biregular and diagonal types (Lemma 8) and examine the Cartesian type 
(Lemma 9). 
LEMMA 8. G cannot be of biregular or diagonal type. 
Proof Assume the contrary. Then G normalizes a direct product 
N= E, x . . . x C, of n > 2 copies of a nonabelian simple group C and 
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v= lL?l= ICI”-l= lN,ln-’ is an even number by the Feit-Thompson 
theorem [41]. 
Since N, a G, and G, is transitive on the set J.Z’~ of lines through X, the 
orbits of N, on JZ’~ have the same length I dividing r = 19’X1 and also IN,I. 
Thus Iju- 1 =r(k- 1) and Ilo= (N,l”P1, so that I= 1 and N, fixes every 
line through x. 
Let i be an involution in N,. Since u is even, i fixes a point y #x and 
i E: N n G,, = NY. Therefore i fixes each line through x and each line through 
y. It follows that i fixes every point of S, a contradiction. 
LEMMA 9. G cannot be of Cartesian type, unless S= AG(2, 8) and G is 
(up to conjugacy in Aut S) one of 5 groups described below. 
Proof. Assume the contrary. Then Sz = A” for some set A of size a > 2 
and some integer n > 2, so that v = a”. Moreover, for any point x E Q, the 
stabilizer G, acts transitively on the n Cartesian lines through x. Denote by 
A the union of these Cartesian lines (from which x has been deleted). Since 
A is a union of orbits of G, on Q, we deduce from Lemma 6 that 
rIn(a- 1) (5.1) 
and that every line of S through x intersects A in exactly k’ points, where 
k’ = n(a - 1)/r. 
By Lemma 1, u < r* and so (5.1) yields 
(5.2) 
a”<n*(a- l)* (5.3) 
which implies that 
2”-2Qa”p2<n2. (5.4) 
It is easily derived from (5.4) and (5.3) that either n = 3 and a d 6, or n = 2. 
(I) Suppose first that n=2. Then u-l=(a-l)(a+l)=r(k-1) 
and so r > a - 1 (because r d a - 1 implies k > a + 1 > r, contradicting Lem- 
ma l(i)). Since rl2(a- 1) by (5.1), it follows that r =2(a- 1). Hence 
k = (a + 3)/2 and a is an odd integer 23. By (5.2), every line of S through 
a point x intersects the union of the two Cartesian lines through x in 
exactly one point distinct from x. This property has two consequences: 
(1) Any line L of S intersects any Cartesian line in at most two 
points. More precisely, given a point x on a line L, there is exactly one car- 
tesian line C through x such that 1 L n Cl = 2. Therefore G, leaves invariant 
a pairing of the points of L and k is even. Since k = (a + 3)/2, it follows that 
a- 1 (mod4) and so ~25. 
582aJ49/2-7 
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(2) Thanks to the flag-transitivity of G, the stabilizer G, acts trans- 
itively on the c1- 1 points of any Cartesian line through x. Therefore, for 
any Cartesian line C, the group G,C induced on C by the stabilizer G, is a 
2-transitive permutation group of degree u. 
Let x and y be two points on a Cartesian line C and let L be the line xy. 
Because of the above properties, L n C = (x, y } and the Cartesian projec- 
tion L, of L onto C satisfies 
3<2+(k-Z)/Z<IL,.I<k. 
Since G, stabilizes L and C, the set Lc is a union of orbits of G,, on the 
points of C. It follows that the group G,C cannot act 3-transitively on C 
since otherwise IL,1 = a, contradicting (5.5) where k = (a + 3)/2 and a > 5. 
On the other hand, by Lemma l(ii), k(k- l)Iu(u- 1) and so a+ 3 1144. 
Together with a - 1 (mod 4), this condition yields 
a = 5, 9, 13, 21, 33, 45, 69, or 141. 
Running through the list of finite 2-transitive permutation groups (see, for 
example, [63]) and skipping those which are 3-transitive shows that a= 5, 
9, or 13 and that G,C is an afhne group, unless 
(i) a = 21 and G,Cc> PSL(3,4) or 
(ii) u= 13 and G$F PSL(3,3). 
In case (i), G,, has orbits of length 1, 1, 3, 16 on C and 7 < lLcl d 12 by 
(5.5) since k =-12. This is a contradiction because Lc is a union of orbits of 
G,, on C. In case (ii), G, has orbits of length 1, 1, 2, 9 on C while 
5 < 1 L,( < 8, a similar contradiction. Therefore a = 5, 9, or 13 and G,C is an 
affine group. It follows that G < G,C wr 2 is solvable, and so G is of afline 
type c131. 
If u = 9, then k = 6 and the translation group T d G has order 81. If no 
line of S is left invariant by a non-trivial translation, then every line has 
exactly 81 images under T, but this is impossible since 81 does not divide 
the total number b = 216 of lines in S. Hence there is a line L of S which is 
preserved by some non-trivial translation t, and so L is the union of two 
cycles gi and g2 of t. The group T being abelian and transitive on the 
points of S, there is a translation t’ mapping ui onto g2. Since all non- 
trivial translations have order 3, t’ maps oz onto a third cycle o3 of t. Thus 
the line t’(L) intersects L in exactly 3 points, which is too much for well- 
behaved lines. 
In the two remaining cases a = 5 and a = 13, the alline group G,C is 
necessarily sharply 2-transitive. It follows that G contains an involution i 
having only one fixed point o, and stabilizing each of the two Cartesian 
lines through o. Indeed, any involution of G has either one fixed point or a 
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Cartesian line C of fixed points. In the latter case, since G is transitive on 
the set of Cartesian lines, there is another involution in G whose set of fixed 
points is a Cartesian line C’ intersecting C; the product of these two 
involutions is clearly an involution with the required properties. We have 
already seen that the points of any line L of S can be partitioned in a uni- 
que way into k/2 pairs (called Cartesian pairs) which are the intersections of 
L with the Cartesian lines having more than one point in common with L. 
Let C and C’ be the Cartesian lines through the fixed point o of i, and let x 
and y be two points on C which are interchanged by i. The line L = xy and 
its partition into Cartesian pairs are obviously invariant under i. Note that 
the only Cartesian pairs invariant under i lie on C and C’. For a = 5 or 13, 
we have k = 4 or 8, respectively, and the number of Cartesian pairs on L is 
even. Together with the preceding observation, this implies that L contains 
a Cartesian pair {x’, y’} c C’, where x’ and y’ are interchanged by i. Since 
the translation group T< G has order 25 or 169, the translation t mapping 
x onto x’ has order 5 or 13, and so t cannot leave L invariant. On the 
other hand, since T a G, iti is a translation (namely t-l), and so t maps y’ 
onto y. Therefore the line t(L) # L has two points in common with L, a 
contradiction. 
(II) Suppose now that n = 3 and ad 6. Then 
o-l=(u-l)(u’+u+l)=r(k-1) 
and so r>u- 1 (because r<u-1 implies k-l au*+u+l>r, con- 
tradicting Lemma 1 (i)). Since r I3(u - 1) by (5.1), it follows that 
r=3(u-1) or 3(u-1)/2, and k-l=(u*+u+1)/3 or 2(u*+u+1)/3, 
respectively. Since k and r are integers, the only solution is a = 4, k = 8, 
r = 9, and, by a result of Hall, Swift, and Walker [Sl], S is necessarily the 
Desarguesian shine plane AG(2,8). By a result of Wagner [97], G < Aut S 
contains the translation group T of S. Since G is flag-transitive but not 
2-transitive (otherwise it would not leave the underlying Cartesian space 
invariant), it follows from a result of Foulser [44] that G is a subgroup of 
the semilinear affine group ATL( 1,64). In this representation, the points of 
S are the elements of GF(64) and the lines of S are the images of the sub- 
field GF(8) under ATL(1, 64). 
The flag-transitivity of G and the fact that k’ = 1 by (5.2) imply that Go 
has an orbit d of length 9 on the points of S and that every line of S 
through 0 intersects A in exactly one point. Since an element of order 7 in 
TL( 1,64) cannot leave A invariant, Go n GL( 1,64) is a subgroup of 
G7W, 64) = (x + u7x IO # a E GF(64)). 
Let w  be a primitive root of GF(64) and let w  and a denote the elements 
of ATL( 1,64) defined by w: x -P wx and a: x -+x2. Foulser [44] has 
proved that there are exactly 5 possibilities for G, namely 
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(1) T. (0’) =AG7L(l, 64) of order 26.9 
(2) T. (oa’) of order 2’j.9 
(3) T. (o’, a’) of order 26. 18 
(4) T. (o’, u2) of order 26. 27 
(5) T.(co’,a)=AT’L(1,64) of order 26.54 
In cases (1) and (2), the groups are sharply flag-transitive; they are 
permutation isomorphic but not conjugate in Aut S. 
It remains to show that each of the live groups defined above preserves 
the structure of a Cartesian space (with n = 3 and a = 4) on GF(64). Since 
w2i is a primitive third root of unity, we have 1 + wzl + w42 = 0. Therefore 
the set C= (0, 1, w2i, w4’} is a plane in the underlying affine space 
AG(6,2), and the stabilizer of C in T has order 4. Using this observation, it 
is easy to check that the images of C under any of the five groups G are the 
Cartesian lines of a Cartesian space invariant under G. 
6. COROLLARY 
Our main theorem is the starting point of a long program whose goal is 
the classification of all finite flag-transitive pairs (S, G). We shall now give 
a corollary of that theorem, which is somewhat on the outside of our 
program and deals with affine spaces. 
Let S be a finite d-dimensional alline space and G a line-transitive 
automorphism group of S. When d = 2, Wagner [97] proved that S is a 
translation plane and G contains the translation group of S. When d> 3, 
Key [67] used the classification of finite simple groups to prove that if G is 
2-transitive on the points of S, then G contains the translation group of S, 
unless S = AG(3, 2) and G 2 PSL(3,2). We show here that this additional 
hypothesis on G can be removed: 
COROLLARY. Let S be a finite affine space of dimension d 3 3 and let G 
be a line-transitive automorphism group of S. Then G contains the translation 
group of S, unless S = AG(3,2) and G z PSL(3,2) z PSL(2, 7). 
Proof: By the theorem of Camina and Gagen [21], the group G is also 
transitive on the point-line flags of S. Thus our main theorem applies and 
G is either of alline type or of simple type. If G is of afline type, then G con- 
tains the translation group T of S: indeed T is the unique subgroup of 
Aut S which is abelian and regular on the points of S. Suppose now that G 
is of simple type: i.e., N_a G < Aut N for some nonabelian simple group N. 
By the theorem of Higman and McLaughlin [57], the flag-transitivity of G 
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forces G to be point-primitive, so that the normal subgroup N is point- 
transitive. Using the classification of finite simple groups, Guralnick [47] 
proved that if a nonabelian simple group N acts transitively on u = p” 
points (p a prime), then 
(i) N acts 2-transitively on the u points or 
(ii) NE PSU(4,2), u = 27 and N has rank 3 with suborbit lengths 1, 
10, and 16. 
Since the only affine space on 27 points is AG(3, 3) where each point is on 
exactly 13 lines, and since 13 1 10, the flag-transitivity of G forces G to act 
2-transitively on the points of S. Therefore the result of Key [67] applies 
and yields S = AG(3,2) and G E PSL(3,2) z PSL(2,7). 
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